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Abstract In different branches of physics, we frequently deal with vector del operator (V). This del 
operator is generally used to find curl or divergence of a vector function or gradient of a scalar function. 
In many important cases, we need to know the parent vector whose curl or divergence is known or require 
to find the parent scalar function whose gradient is known. But the task is not very easy, especially in case 
of finding vector potential whose curl is known. Here, 'inverse curl', 'inverse divergence' and 'inverse 
gradient' operators are defined to solve those problems easily. All operators are defined in the orthogonal 
curvilinear co-ordinate system. 

Keywords del operator, curl, gradient, divergence, solenoidal vector, vector potentials, curvilinear co- 
ordinate system. 

Here we consider u\, U2, U3 as three mutually perpendicular families of co-ordinate surfaces 
and e\, £2, £3 as unit vectors normal to respective surfaces. 

1. Inverse Curl Operator 

At first we mention some symbols, used later. 

a. ( V x ) ~ 1 indicates inverse curl operator. 

b. (f + + f~)(dui) does integration w.r.t. u\, while other two variables of the integrand are 
to be treated fixed. If the integrand is the 3rd component (along £3) of a vector, then 
f + (dui) acts only on the part of the integrand having the variable u.3. Similarly f~(du\) 
acts only on the part of the integrand does not contain the variable U3. 

For example, let §(ui, 112,113) = x ¥\(u\,U2) +^2(^1, "2, "3) be the component of a vector 
along £3, then, (/ + + /~)<|)3wi = f +x i , 2dui + / _v Fi3«i ("2,«3 are to be treated constant). 



Now take two vectors A=A\£\ -\-A2e2 +^363 and B = B\£\ -\-B2e2-\-B3e3, such that, 

B = VxA (1) 
Using inverse curl operator, this vector potential A can be expressed as, 



A = (Vx)- l B (2) 
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From (1) it is obvious that, 
V-B = V-(VxA) =0 

=► «lsr^i) + i- 2 (h3hB 2 ) + ^( W 3 )] = 

35^1 ( U l) +Cl(«r)l + +C 2 («2 )] + ^( C 3(»3 + ) +C 3 («J)] = 

=► ir Cl W ) + afe C2 ("2 + ) + 5^3 (4) = (3) 

Where ci(w+) and ci(wj~) are two parts of the term h 2 h 3 B\, contains and does not contain u\ 
respectively. Similarly, other terms can be defined. 
Obviously h 2 h 3 B\ = c\{u\) +c\{u[), and so on for other terms. 
From (1) we get, 

^ = VxA = ^ 

+ B 2 e 2 +B 3 e 3 = ^[^(Ms) -^(¥2)] 

+ &[^(^l)-^(^3)] 

+ &[ir^A 2 )-^(^iA 1 )] 

Now, we have to choose h\A\, h 2 A 2 and h 3 A 3 in such a way that, r.h.s. of the above expression 
becomes similar to l.h.s. 
Let (by inspection), 

h\A\ = k\ J c 2 (u2)du3 +k 2 f c 3 (u^)du 2 + k 3 f c 2 (u2 )du 3 + k 4 f c 3 (u 3 )du 2 
Similarly, 

h 2 A 2 = ks J c 3 {u^)du\ +k(,J c\(u^)du 3 +h f c 3 (u^)du\ +kgf c\(u~[)du 3 

and, h 3 A 3 = kg f c\(ul)du 2 + k\o J c 2 (u2)dui +k\\ J c\(u~[)du 2 + k\ 2 J c 2 {u 2 )^u\ 

where, k\ , k 2 , • • • , k\ 2 are some constants to be determined. 

(Note that, c\ terms are not included for h\A\, since, it does not appear in the expression of 1st 
component, B\. So on for other two cases.) 

Now, see the coefficient of e\ on the r.h.s. of the expression, 

= [Jr^ 5 / c 3(u 3 )dui +k 6 Jci (u^)du 3 + k 7 Jc 3 (u^)dui + hjc\ {u\)du 3 } 
~ S^K^ 1 J' c 2(u 2 )du3 +hj c 3 (uj)du 2 + k 3 J c 2 {u 2 )du 3 +k 4 Jc 3 (u 3 )du 2 }] 

= J^hi fec3 ("3") +hj J^ci (uf)du3 + k 7 c 3 (u 3 ) + kg-0-kif J^c 2 (u^,)du 3 
-k 2 c 3 {u^) -k 3 -0-k 4 c 3 (u^)] 
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h\e\ h 2 e 2 h 3 e 3 
JL JL JL 

du\ 3m2 3«3 

h\A\ h 2 A 2 h 3 A 3 



hJT 2 t 2fc 5 c 3 (4) - fc l /{ a§7 c l ( u l) + ir 2 C l( U 2 ) 1^3 + 2fc 7 C 3 (« 3 )] 



[Taking £5 = — k 2 , £7 = —£4 and &6 = — &i] 



= /^[ 2fc 5C3(4)-^i/{- 5 ^c 3 (4)}ai<3 + 2fc7C3(i<3 )] [Using eq"(3)] 

= j^[2k 5 C3(u^) + kic 3 (u^) +2k-]C3(u^)] 

= h^[ 3k 5 c 3( u t) + 2k 7 c 3 (u^)] [Taking k\ = k 5 ] 

= 77T7^-[3 • 303(1*3") + 2- 503(1*3)] [Considering £5=1/3 and £7=1/2] 

= ^fe[ c 3(" 3 f )+ c 3(" 3 ")] 
= 5 3 

Similarly we can show that, if, 

&i = £5 = £9 = ~ k 2 = —^6 = —^10 = 1/3 

and, £3 = £7 = &n = — £4 = — k% = —k\2 = 1/2, then, 

~ i- 3 (h 2 A 2 )] =B X and ^[^(Mi) - ^(M 3 )] = *2 
So, using these values of &i , k 2 , • • • , k\ 2 , we get, 

A l = ^U C ^( U 2 )^"3 - Jc 3 (i<3 f )3M2] + 2j^[fc2(u 2 )d«3 - J C 3 (u 3 )du 2 ] 

A 2 = -^[j c 3 {u^)du\ - !ci{u\)du 3 } + ^[Jc 3 (uJ)dui - j ci{u\)du 3 ] 

A 3 = ^[J ci(u^)du 2 - J c 2 (u^)dui] + ^[J ci(uY)du 2 - J c 2 (u 2 )dui] 

Now from (2), we get, 

(Vx)- 1 B = A=A l e l +A 2 e 2 +A 3 e 3 

= 3%"[/ c 2("2 )3"3 - Jc 3 (u^)du 2 ] + jj^lf c 2 (u 2 )du 3 - J c 3 (u 3 )du 2 ] 
+ 3%[/ c 3(«3~)9«l - / c\ (uj)du 3 ] + jfc[f c 3 (u 3 )dui -J a (uY)du 3 ] 
+ 1 3 %U c \( u \)du 2 - J c 2 («2 )3«i] + ^[j c\{u\)du 2 -Jc 2 (u 2 )dui] 



— e l 
~~ 3/»i 



gl 

2/1! 



/(3m 2 ) /(3«3) 
c 2 (u 2 ) c 3 (u 3 ) 

J{du 2 ) f(du 3 ) 
c 2 (u 2 ) c 3 (u 3 ) 



+ -22- 

^ 3A 2 



+ -22- 



/(3«i) /(3u3) 

ci(m+) c 3 (u 3 ) 

f(dui) f(du 3 ) 

c\{u[) c 3 {u 3 ) 



3h 3 



_£3_ 

2 h 3 



/(dm) J(du 2 ) 

C{{u\) c 2 {u^) 

f(dui) f(du 2 ) 

c\{u[) c 2 {u 2 ) 
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£3 

h 3 
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£1 
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£2 
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J(dui) J(du 2 ) J(du 3 ) 
c\(u{) c 2 (u 2 ) c 3 (u^) 



£2 

h 2 



£3 

fe 3 



KM) 



J(du 2 ) 



J(du 3 ) 



\c\(ul) + \c\(u x ) \c 2 (u%) + \c 2 {u 2 ) \c 3 (u^) + \c 3 (u 3 ) 



£l 



£2 
^2 



£3 

h 3 



(|/++i/-)(a Ml ) (i/ + +i/-)(a«2) (i/ + +ir)(^ 3 ) 



h 2 h 3 B\ 



h 3 hiB 2 



h\h 2 B 3 



So, this is the desired expression for our inverse curl operator. 

Since, V x (V(|)) = 0, so, it should be noted that, for a given solenoidal vector, there are many 
vector potentials, which can be in general expressed as, - 

A = (Vx)~ l B + Vty 

where § is an arbitrary scalar function. 



One example in Cartesian system would clarify the procedure of getting vector potential from 
a solenoidal vector. 

In this system, e\, e 2 , e 3 , u\, u 2 and u 3 are respectively replaced by /, j, k, x, y, and z. Here 
h\ = h 2 = h 3 = 1. 

Now take a solenoidal vector B = (xyz + y 2 )i + (xz + y)j — z(l + yz/2)k. (note V B = 0) 
So, vector potentials of B are,- 

A = (Vx)- l B + V§ 



t j k 

Gr+inw (ir+hrm (U+Hn^z) 

xyz+y 2 xz+y -z-yz 2 /2 

-i[ l 3 J(-z-yz 2 /2)dy + ± /(% - ± Jydz - \ Jxzdz] 
- Mfxyzdz + \ ffdz - \!{-z-yz 2 /2)dx - \ fOdx] 
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- k[\jydx +\jxzdx-\ Jxyzdy - \ Jy 2 dy] + V<|> 

= \{zy + z 2 y 2 /A)/3 + (yz/3 +xz 2 /4)} - j[(zx+yxz 2 /2)/3 + (xyz 2 /6 + y 2 z/2)} 
+ k[-(yx/3+x 2 z/A) +xy 2 z/6 + y 3 /6]+Vty 



Verification of the Result: 



VxA 



dy 
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(zy+z 2 y 2 /4)/3 
+(yz/3+xz 2 /4) 



-{zx + xyz 2 /2)/3 -(yx/3+x 2 z/4) 
-(xyz 2 /6+y 2 z/2) +(xy 2 z/6 +y 3 /6) 



+ Vx(V^)) 



= i(xyz +y 2 )+ ]{xz +y)-kz(l+ yz/2) + 
= B 



2. Inverse Divergence Operator 

Here we indicate this operator by (V-) -1 . Now if A and (|) be a vector and a scalar function 
respectively, such that <|> = V-A = + ^(^¥2) + ^(^2^3)], then A can 

be expressed as A = (V-) -1 ^ 
We can here define the operator as (by inspection), 

where, k\ + k 2 + k 3 = 1 • 
Justification: 

~* ~ * 1 

For a given (]), A = (V-) -1 ^ 

= J hih 2 h3^(dui) +k 2l ^- i f hih 2 h 3 $(du 2 ) J hih 2 h 3 §(du 3 ) 

Now note that, divergence of the obtained vector gives the scalar function (]), 
V " A = }^^[hh\h 2 h 3 § + k\h\h 2 h 3 § + k\h\h 2 h 3 §] 

= (k 1 +k 2 + k 3 )§ = § 

Since, V-(VxB) =0, so, it should be noted that for a given scalar function, we can find many 
vectors, which can be expressed as, 

A=(V.)" 1 (|) + VxS 

— * 

where B is any vector. 
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3. Inverse Gradient Operator 

We indicate this operator by (V) -1 

Let A =A\$i +A2e2+Ase3 and <|>(«i, W2, W3) be a vector and a scalar function, such that A = V(|). 

So, vector field represented by A is conservative, thus, line integral of A is path independent. 
Choose (a,b,c) as initial point, such that §(a,b,c) exists. 

(ui,u 2 ,u 3 ) 

Now (|)(wi , U2-, u 3 ) = fd§ + co [co is integration constant] 

(a,b,c) 

(UI,U 2 ,U3) 

(a,b,c) 

(u\,U2,U3) 

= jA-dr + c 

(a,b,c) 

(a,b,u 3 ) (a,U2,m) (wi, 1*2,1*3) 
= fA^h^du^ + fA2h2du2 + fAihidui +co 
(a,b,c) (a,b,u?,) (a, ^2,^3) 

So, 

0= (V)- ! A 

U\ U-2 U3 

= f A\h\du\+ J A 2 h 2 du2+ J A 3 h 3 du3 + co 
a b c 

u\ = a 
u 2 = b 

Here in the first integration u\ is variable but other two (u2,u 3 ) are fixed, and so on for other 
two integrations. 

Note: The original work was done in 2002 and published in 2006 in Science and Culture [2]. 
This write-up is almost same as published one. 
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